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Abstract. Irreducible representations of Brauer algebras are constructed by using the induced
representation and the linear eguation method. As examples, some matrix representations
of Brauer algebras Dyg(n) with f £ 5 are presented.

1. Introduction

Brauer algebras [1, 2] D¢(n), which are similar to the group algebra of the symmetric group
Sy related to the decomposition of f-rank tensors of the general linear group GL(n), are
the centralizer algebras of the orthogonal group O(n) or the symplectic group Sp(2m)
when 1 = —2m. Using the complementary relation or the so-called Schur—Wey! duality
relation between Sy and U (n), one can obtain the knowledge of the representation theory of
U/ (), such as basis vectors, coupling and recoupling coefficients from the symmetric group
S¢ [5-8]. The Brauer algebras Dy(n) play a similar role for other classical Lie groups.
More precisely, if G is the orthogonal group O(n) or the sympletic group Sp(2m), the
corresponding centralizer algebra Bf(G) are quotients of Brauer’s Dr(n) and Dy(—2m),
respectively [2,4].

On the other hand, the Brauer algebras Dy(n) are a special case of Birman-Wenzl
algebras [3]. The Birman—Wenzl algebras C( (g, ) appear in connection with the Kauffman
link invariant and quantum groups of types B, C, D [4]. The Birman-Wenzl algebras
Cy{g,r) are a special realization of braid group. Unitary braid representations play an
important role in the study of subfactors and in quantum field theory [15,16]. I the
parameters ¢ and r are not roots of unity, representations of Cy(g,r) vary continuously
with ¢ and r. Thus one can obtain the information about the representations of Cy(g, r)
from those of D;(nr) for n = f — 1 or non-integer n.

In this paper, we will outline a method for constructing irreducible representations of
Ds{(n). In section 2, we will briefly review the definitions and some important properties
of Ds(n). In section 3, we will outline an induced representation method for constructing
irreps of Dy(n). As examples, some orthogonal matrix representations of Dy(n) will be
derived by using the linear equation method (LEM) [6-8]. The results will be presented
in section 4. The technique developed in this paper can also be extended to the Birman~
Wenzl algebra Cs(g, r) case by using the results of Hecke algebra representations proposed

previously [6-8].
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2. The algebras D¢(n)

D¢ (n) can be defined algebraically by 2 f —2 generators {gy, g2,.... 871, €1, €2..... &1},
which satisfy the following relations:

8i8i+18i = Bi+18i8i+1 (2.1a)
88 = 88 forli—jlz2 (2.1b)
eig8i = ¢ 2.1¢)
e gi-18 =€ (2.1d)
& = ne 2.1¢)
(g ~ 1@+ 1) =0. @.1f)

Using the above-defined relations or by drawing pictures of link diagrams (cf [4]), we
can obtain the following relations which are useful for our purposes:

;181 8ix1 = LiLix € (2.20)
Bi€ix18i = Bix1€i8ix] (2.2b)
€igix18 = € (2.2¢)
8i€ix1€; = 8ix1€; (2.2d)
gie; = e;¢; forji—jl =2 (2.2¢)
eieiz)€; = €. (2.2f)

It is clear that {g, g2, ..., gr-1} generate a subalgebra Sy, L.e. Dr(n) D Sf.

The properties of Dy(n) have been discussed by many authors [2-4, 10-13). Based on
their results, it is known that Dy(n) is semisimple, i.e. it is a direct sum of full matrix
algebras over C, when n is not an integer or is an integer with n > f — 1, otherwise Ds(n)
is no longer semisimple. Whenever Dy(n) is semisimple, its irreducible representations
can be labelled by a Young diagram with f, f —2, f —4, ..., 1 or 0 boxes. It can
be seen that by removing the generators es—; and gs—1, {81, 82, ..., 8r—2. €1, €2, ..., €r_2}
generate Dy_;(n). By doing so repeatedly, one can establish the standard algebraic chain
Ds(n) D Dy_1(n) D --- D Da(n). We call it the standard basis of Dg(n). Let I's be the
set of all Young diagrams with & < f boxes such that ¥ > 0 and f — £ is even. As was
pointed out in [2] and [4], if the algebra D;(n) is semisimple, it decomposes into a direct
sum of the full matrix algebras Dy,;(n), where [A] € Ty. If Vi) is a simple Dy (n)
module, it decomposes as a Dy (n) module into a direct sum

Vi = Bypjop V-t

where Vr..y () is a simple Dy_; 1,)(n) module and [x] runs through all diagrams obtained
by removing or (if [A] contains less than f boxes) adding a box to [A]. In what follows,
we always assume that Dy(n) is semisimple.

3. Construction of basis vectors for irreducible representations of I3;(n)

As in the symmetric group Sy case, in order to label the standard basis of Dy (n), we need
a set of indices {1, 2, ..., f}. Firstly, k-time trace contraction basis vectors can be denoted
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by

ey i, ——
[(12 342k —128)(w0) = 2%k + 1,2k +2,..., ) =erez- - en[(123--- ).

(3.1)
Then, any normal ordered basis vectors [8] can be written as
" e e, '
[(@182 @384 - - agg162) (@) = (@2t Qoa2s ., 4r))
e, :
= Qw]( 12 34-..2k-1 Zk){cuo)) 3.2)
where @) < G, a3 < a4, ..., Gu_1 < Gu; du:l < Guqz < +-- < af, and @, 1s the so-

called order preserving permutation operators, which are also the left coset representatives
in the decomposition

Sf = Z B O0u(($20) Sr_m). (3.3)

For example, when f = 3 and k = 1, we have O, = {1, g1, £122}). The ordering of the
sequences (@) is specified in the following way. We regard the pait (w1) = (a1, a2} in
{(marasas - - - am—1an) (W)} as a vector of length 2. If the last non-zero component of
the vector (1) — (&) is less than zero, then we say (w) < (@), This ordering of (@) is
consistent with that for symmetric groups [5]. In fact, 2k indices in (3.2) are contracted. The
remaining f —2k indices {aa+1, G2, - - -, @} can be assigned to a permutation symmetry
[A], a Young diagram with f — 2k boxes, with respect to the §y_o; action. Hence, for any
irreducible representation of Sy_z ("), we can use orthogonal vectors {|¥M(w")}} to Iabel
the standard basis vectors of Sy_x, where ¥ is a standard Young tableau, (') is a set
of indices filled in ¥}, and m can be understood either as the Yamanouchi symbols or
the indices of the basis vectors in the so-called decreasing page order of the Yamanouchi
symbols [5].
As was proved in [9], the space V,f” spanned by

[0,)(T2 342k~ 1 20)YH(ep)]

is D¢(n) irreducible. This can be proved by direct computation with the help of (2.1) and
(2.2). Hence, the basis vectors of Ds(n) irrep [A] with f — 2k boxes can be expressed
in terms of a linear combination of the basis vectors in Vkm. In fact, what we have
constructed is the (Dz(n)®)"Df_2k(n) t Dy(n) induced representation for the outer product
(01R)*[A1 4 (AL Vkm is quite simply the space spanned by the uncoupled normal ordered
basis vectors of (D2(n)®)* Ds_ak(n).

As was pointed out in [2], the dimensions of irreducible representations of D¢(n) can be
computed by using Bratteli diagrams inductively. Using combinatorial method to compute
the different ways of k-time trace contraction among f indices, we can prove that the
dimension formula for irreps of Df(n) can be expressed [9] as

|
Aim(Dy(: (V] 0) = g iy -2 4 (3.4)

where [A]f-2: denotes a Young diagram with f — 2k boxes, and dim(Sr.x; [A]} is the
dimension for the irep [A] of Sy_n:, which can further be expressed, for example, by

Robinson’s formula for irreps of symmetric groups.
It should be noted that the labelling scheme and the decomposition for Dy{(n) are the

same as those for Birman-Wenzl algebras C¢(q,r) when ¢ and r are not roots of unity,
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Thus the dimension formula (3.4) also applies to Birman-Wenzl albgebras Cy(g, r) when
q and r are not roots of unity.

As was mentioned earlier, Dy (n) contains S as a subalgebra. Hence an irrep {A] of & is
also the same irrep of Dys(n), in which one simply takes thate; =0fori = 1,2,..., f— 1.
i.e. there is no trace contraction in such a representation. So we only need to discuss the
trreps [AJs.ax of Dy(n) for k 5 0. For Dy(n), there are trivially 3 one-dimensional irreps
[0}, [2], and [1%] with

£ 1[0]) = O] &1 110]) = n|[0))
& 121 = 112 e 112]) =0 35)
ll12]) = —[[12]) el12]) = 0.

The non-trivial cases occur when f = 3. In what follows, we will restrict ourselves
to integer n with n 2 f — 1. The results for non-integer n and negative n values can be
obtained by using n-continuation and algebraic isomorphic maps, i.e. the results are also
valid for any permitted n values. This will be discussed later.

When n is a positive integer, we can use tensor products of the rank-1 unit tensor
operator of O{n) to construct the basis of Dy(n) in the standard basis explicitly. In this
case the indices 1,2,..., f are used to distinguish tensor operators from different spaces.
We also need a set of the corresponding indices iy, iz, .. ., iy to label the tensor components
which can be taken as » different values, namely

2.1/ =127 (3.6)

i *ia ir Eyizemiy

The actions of g; and e, on (3.6} are given by

4 Bl f 1241 Qe f
g‘?:n.iz dedirde T 'I.‘n;z edopres 3.7
[2ef 110 — l2 wi Pl f
ei}u: “Fedigr j,r 6JaJ-+l S difeq e dy (3.8)

i.e. the generator {g;} is a permutation of tensors in ith and (i + D)th spaces, whllc ¢ isa

trace contraction of the corresponding tensor components, We assume that {TJl o f} spans
a orthonormal inner product space, namely
V2of! pl2ef
(riid oind,) =T owdi (3.9)
The star operation, a conjugate linear map §, on Dy (n) is defined [4] b
g =g i=1,2,....f—1 (3.100)
e=¢ i=12..,f-1 (3.10)

which are neccessary in deriving the matrix representations of Dy(r). Because of the
contraction, the uncoupled normal ordered basis vectors given by (3.2) are no longer
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orthonormal. For example, when f = 3, and & = 1, we have

(12312 3 = (TP, 7F) = n
(T3 217 2) = (T2 T3%) =»
(23177 1= (13, 53") =~
("1? 3|T§" 1y = (Ti}fs‘ 23}1) -1 (3.11)
(12313 2= (B2, 1) =1
(13223 1) = (2}}}2, 2}%}‘) =1
If we relabel the above basis vectors by
—_— —— ——
1)=[12 3} 2)=113 2} 13)=123 1)

the norm matrix with elements (f|f) = {j[i} for 1 < i, j £ 3 is just the matrix of T3
defined by Hanlon and Wales [10].

In what follows, we will use the induced representation {D;(n)®)F Dy _n(n) T Dy(n)
for the outer product ([0]®)*[A]) 4 [A] to derive the irreducible representations of Dy(n).
The basis vectors of [A];—z is denoted by

[A]fwak Ds(n)

[u] Dy (n) [y
(1]

=] : (3.12)
[p]
y¥@)

[l  Dy_pri(n)
[vi Dy_p(n)

/

where (@) = (1,2,..., f — p}, and [u] can be taken as a Young diagram obtained by
removing or {(if [A] contains less than f boxes) adding a box to [A]. By repeatedly doing so
to p steps, there always exists a Young diagram [v] with f — p boxes which corresponds
to an irrep of Dy..,(n). Thus [v] is identical to the same irrep of S;_,. So the labelling
scheme of the remaining part can be assigned to a standard Young tableau ¥, J{}’] with f—p
indices {1,2,..., f — ph

For example, for the irrep [1] of Da(n), we have three basis vectors

I 0 ) [1] ) .
0 '
under the standard basis Da(n) D Da(n).

We will now use the linear equation method [8] to derive the irreducible representations
of Dy(n) inductively. Firstly, the results of generators {g1, g2,....8r-1.€1,€2,..., €51}
acting on (3.2) can be found directly by using the algebraic relations given by (2.1) and
{2.2), and the standard results of the symmetric groups which are required when both i and
i 4+ 1 are in the Young tableau Y'*. Secondly, we assume the matrix representations of
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Dy_1(n) D Dy_a(n) O --+ D Dafn) are completely known. The basis vectors for [A]s_a
of Dy(n) can be expressed as

[Alf=z  Dyn)
[ee] Dy_i(n} .
: : = ChmtM 0 (127 3470 2k — 1 20, Y (wp))
(0] D¢ pri(n) o
vl Df_p(m)

(3.14)
where the Cly /M are the induction coefficients (IDCS) of (Da(n)@)* Dy_g(n) + Dy (n)
for the outer product ([0}®)*[A] + {A], which need to be determined, and p = [1] .- - [p].
The IDCs satisfy the following orthogonality relations:

AL e B WEETR
Y Cofime Colpme (@as - Guan), ¥ l(w)[(alaz Gy _ai ) Y )

a o
= 8o SO MM (3.15)

where we have assumed that the basis vectors of Dy(n) D> Dy_y1(n) D ..+ D Dy(n) given
by (3.12) are orthonormal, i.e.

AR PS|
] | ]
: : = Sl.t,u.‘spp' CRRY VTPV (3.16)
il 1[0
Y [y

This coincides with the results of symmetric groups when the imrep [A] of Dy(n) has f
boxes.

Applying the operators R; (=g; or g;} with i = 1,2,..., f—2to (3.14), the left-hand
side of (3,14) becomes

3 M ol IM| RN YIM) @l (T2 B8 = 1 207L wo)),

wmp' '] M’

317
While the right-hand side of (3.}4) becomes
3l (2.0)(12 343k — 1 207w (3.18)
Combining (3.17) and (3.18), we get
Y. Cl i (A p[vIML Ry |[Ap'[V1M") = e 7, (3.19)

oIVIM
where Cipl? I £, is the coefficient in front of

0,12 372k =1 20)YW(wp))

after applying R; to the right-hand side of (3.14).
The number of independent basis vectors given by (3.14) and those by (3 2) all equal
to dim({A);—2; Dy(n)) given by (3.4). For a given irrep [Aly_m, there are [dim([A];_z;
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Df(n))]2 iDCs. Equation (3.19) will yield 2(f — D[dim([A]f-a; Dy (n))]? linear relations
among the IDCs. As in the Hecke algebra H,(g) case [8], there are many redundant relations
among IDCs. However, using equation (3.19) together with the orthogonality relations (3.15),
we can establish [dim{[A]p-2; Py (n)))? sufficient relations among these IDCs, which can
be used to solve them.

In the calculation, the relative phase of the IDCs is determined completely by (3.15),
and (3.19), while the overall phase is fixed by requiring that the IDCs withm = M = [ and
with smallest possible index w be positive

cMelvim=1 > 0. (3.20)

[0],[A)m=],w=min
This phase convention is consistent with that for symmetric groups [5].

Once these [DCs are known, the orthonormal basis vectors given by (3.14) are completely
determined. The matrix representations of Ryy (= gr_1 or es—;) can then be derived by
directly acting Ry_; on (3.14) with the known matrix elements of R;_; under the uncoupled
normal ordered basis (3.2). Using this method and starting from the results given by (3.5),
one can obtain the matrix representations of Df(n) under the standard basis. In what
follows, we will give an example to show how this method works.

Example. Deriving matrix representations of Ds(r). The irreducible representations of
D3(n) with three boxes are the same as those of S3. We only need to derive the three-
dimensional irrep [1]. The process consists of the following steps:

Step 1. Write the basis vectors of D3(n) in terms of uncoupled normal ordered basis vectors
with [-contraction, and calculate the norm matrix elements

(1] 3
[1]=3 iy [11 )=3b-‘ I L
&)= 2w Yai @

where [i} (i = 1, 2, 3) are given after (3.11), and &;, &, and ¢, are the corresponding IDCs.
The norm matrix with elements {i|f) for 1 <i,j <3 is

a7 1 1
1 » 1 }. (3.22)
1 1 n

Step 2. Derive the linear relations among the IDCs. Applying generators g; and e,
respectively to (3.21), we obtain

@ #£0  @m=0 a=0 (3.230)
bi#£0  by=by= —;b; (3.23b)
¢ =0 €3 == —C3. (3.23¢)

Thus, we have

&)= Fa

[ et (2
)_( ) zb'( n|1)+l2)+|3>) (3.24)
(1]
1] | = (%3 — 12
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where 8, =0, 8, = 1 and §, = 1 according to our phase convention. The norm factors a;,
by, and ¢ can easily be derived by using the norm matrix obtained in step 1.

1 2 1
R R e IR

Step 3. Derive the matrix representations of gs and e2 under the standard basis of D3(n).
Applying g2 to (3.24) and using the relations givén by (2.1) and (2.2), one has

[1] 1 M N2+ 2)n—1) | [1]
2|y )= ;gzll)—; o )~

an 1 2!
— [1]
+ n2 1
" 2]
1] n 2
|12 )= T _132(—|1)—12)—|3))
2= D A (3.26a)
[1]
_ (n+2)n-—-1)| [1] n—2 11 n+2
-y 2n? 0)+ 2n |1 2|)+ 4n )

&2

[1] T
=[5 —82(2) —3)
2(n - 1)
_ fm—=1111] n42
Y72 0)+ an

While applying es to (3.24), one has

(1] 1
T3

) ) [T +'z>cn ) it ) =
0 2n
2

€

[1] )__f(n+2)(n—1)‘[1]) (n+2)(n—l)l [ )
“ a 2n? 0 l2

(3.26b)
_ [
+m2n II)
f1] (11
_ [1] ny2 [11 ) n—1
e =5 2n ) \/ 5 .
2] 3

Hence, one obtains the three-dimensional irrep [1] of Ds(n) under the standard basis
D3(n) D Dz(n). The resuits are given in (4.2).
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4. Some matrix representations of D (n) under the standard basis

In this section, we will list some irreducible matrix representations of Dy(n) under the
standard basis, which are derived by using the method outlined in section 3. All the irreps
with f boxes, i.e. there is no trace contraction, are omitted here because they are indentical
to the symmetric group Sy case withe, =0fori =1, 2,..., f—1. Theresults for f <4
and two examples with f = 5 are presented. However, the dimension of the irreps will
increase rapidly with increasing of f. In this case, one can derive the results with the help
of a computer running Mathematica. For example, two ten-dimensional irreps of Ds(n)
were derived by using this facility.

L f=2 [A] = [0] with dim = 1. The uncoupled normal ordered basis vector is |1} =
e; |(12)} with (1|1} = n. The orthonormal basis vector is

I[0)) = \/I ). (4.1a)
n

The matrices of the generators are
a =1 €6 =n (4.15)

2. f=3 {A]={1jwithdim=3. The uncoupled normal ordered basis vectors, norm matrix,
and the orthonormal basis vectors have already been given in section 3. The matrices of
the generators g, and e; are

1 +2)(n—~1) —1
[ ~ =t el

{(n+in-1 -2 +2
o=|-feEn 2 fa “20)

K n—1 ntl 1
2n 4n 2
( 1 _Jmsne-y _ [faa1
n n 2n
— | _ [wtne-n {4 Di(n—1) n=1 [nt2
() T s 3 = . {4.25)
K _ fn=l n=1 fn+2 n=l
2n 2 n 2

3. f=4 [A] = [0] withdim = 3. The uncoupled normal ordered basis vectors are

11) = ee5 [(1234)) 12) = g2 |1) 13} = g182 11} . 4.3a)
The norm matrix is
nt onoon
n n? on ) {(4.3b)
n n

The orthonormal basis vectors are

(0]
(1] | =
0
(0] 1 2
= zrraa=s (a2 ) 439

By

S
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[0]
1 1
= ‘j m(lz} = 13).

The matrices of g3 and &5 are

1 n
-1 0

4, f=4, [A] = [2] with dim = 6. The uncoupled normal ordered basis vectors are
1) = e [(12) (3141} 14) = gs82[1)

12} = g2 (1) 15} = g18382 [ £} (4.4a)
3Y=gig (1) |6) = gag1g3g211}.
The norm matrix is

1 1 1 160

T n 1 1 01

1 1 = 011

I 1 0n 1 1 (4.4)
1 01 1 n 1

011 §F 1 n

The orthonormal basis vectors are

{21 1

1y =‘/;:I1)

0

[2]

7 2

5 )~ e G-m-n)

[2]

1 1

= 5 (2 - 13

(4.4¢)

(2] _ 4
) - \/3n(n T s U112+ 13) - 3+ 2 (4) + 15) + 16D

6n(n —1(n -2

2] "
’ Lé_ 3] ) = \/;nm{lz) — [3) = (n = 14 — 5.

2]
‘ 112] ) =‘/—-—1—-—5 211) =12y - B) - (1 = 1) (4) +15) - 216D}

T
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The matrices of g5 and e; are

3149

/1 0 0 0 0 0\
-2 2nt4) -2
0 e 0 7131 STy ATy T 0
0 0 L 0 0 -2
8= 0 o [2nt8) 0 n—2 _ 1 2+ 8)(n-2) 0
2y 3@E-1 3(n+2) 3y (nrD(n—1)
=) 1 [2+d)n—2 =1
U 3?n+2) 0 -3 (:+2)(:—1> 3(n—1) 0
J=2)
\o 0 1) 0 0 —i )
(4.4d)
0 0 0 0] 0 0\
2 20+ 2 n—2
0 e 0 & 3(:—1) iy 3wy O
0 0 0 0 0
ey = 0 _n J2ntd) 0 nin+4) n 2+ n—2 O
a+2y =1 3(n+2) 3y FDe-1)
0 —2n [a-D _n [ 2n+din-2) nln-2 0
n=-1V 3(n+2) 3V (4+2n-1 3n-1)
\ o 0 0 0 0 0/
5. f=4, [A]=[11]withdim = 6. The uncoupled normal ordered basis vectors are
3
W=ead, ) 9= g
12) =g |1 15} = gigaga 11} (4.5a)
13) = g182 11} [6) = g2818382 1) .
The norm matrix is
{ n 1 1 -1 -1 0
i n 1 1 0 -1
1 1 n O 1 1 4.55)
-1 1 0 = 1 -1 )
-1 0 1 1 n
\0 -1 1 -1 1 =

The orthonormal basis vectors are

(1% f
4

[1]
0
[1%]

1]

[1°]
[1]

n 2
)Wm[z'”"”"”’]
= ! {12y -3
=\/5=p - 1)
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[1]2]
3

2 1 n—1
) =1}(7_—1)(“m [JI)— Effz) +|3))+T(’4)+15))}

(4.5¢)

[1%]
1
1 = ——- 2y — — —_ -
' 73] \/G(n_l)(nz_4)[3a> 13)) + (2 = 1)(1S) ~ [4)) + 2 — 1) |6)}
[1%)
1] 1
= 4} — o)},
5 =g 4 - +I6)
L3 |
The matrices of g3 and e3 are
(-1 0 )] 0 0 0 \
o L 0 — ) 0 0
2, i_z
0 0 5‘1—_1 0 _anl 334 %(Z-?) 0
s=lo £EZ 0 &m0 o
nl= -
0 0 “n_l——l 34 0 32&—?) % EE_‘:&
2n=2) 2(n+2)
KO 0 3n=1) 0 3 = 3 / (4.5d)
(0 0 0 0 0 0 \
0 0 0 0 0] 0
i -
o & 0 -Gy /B3
& = 0 0 0 0 0
2. I_4 - }
0 0 _nil "34 0 %(J:z—l)) nsz 25:1_-1—12
2(n=2) -2 [2n+2) -
\o 0 /=B o a2 flmn az

6. f=3, {A] = [3] withdim = 10. 'The uncoupled normal ordered basis vectors are

W =el02.[314]5])

16} = 2838182 (1)

12} = g211) |7} = g4g382 11}
13) = 218211} 18) = gagsg182 1)
|4} = g3g2 |1} [9) = g28483818211)

15} = g3g18211) [10} = g38284838182 11} .

{4.6a)
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The norm matrix is

(p 1 1110110 0y
1~ 1 1 01 1 01 0
1 1 »n O 1 1 0 1 1 0O
1 1 0 1 1 1 0 01
1 ¢ 1 1 n 1 01 01 4.6b
01 11120011 (4.66)
1 1 011 0 90 n»n 1 11
i0 10101 r 11
01 10 01 1 1 n 1
\C 0 01 1111 1 n/
The orthonormal basis vectors are
[31
[11 \[“
3]
12] { }
[11 Vet 2e-D z)(n —1)
3]
2] "
1 = | —— {12} =13
1/2(,1__1)“) 13))
3] 4 (n+2)
2 RO R A—— V) N 4 +5+16
) \/3(n+2)(n+4)n[|>+[>+|> 14+ 15) +16) )]
3]
2] 1
77 =‘/m{2|l)—|2>—|3)~cn—1)(|4>+|5>+|6>)}
| 3
(3] :
SER =‘/mnz>—ls>—m~1)(14>—|5>)} (4.6c)
3

3] - 1

+ |4) +15) +[6)) — (n + A7) + I8) + |9) + [10))}
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3] ]
! 213 ) =\ﬂ2n(n_2)(n+n (241) +12) +13)

=2(|4) + 5) + 161} ~ n (I7) + 8} + |9)) + 31 |10}}

3] 1
; 214| ) =\[m{2|1>—12}—i3)

+ |4} + |5) — 216} — n(iT) +i8) — én 19} 1}

[3) 1
E 3 ) =\[mﬂ2)-13)+14)—!5)—2l6)—n(f7)—18)}}-

The matrices of g4 and ¢4 are

84 =

00 0 0 0 0 0 0 0 \
010 o 0 0 0 0 0 0
001 0 0 o 0 o 0 o

_2 Un+2¥n 1 n+6) (nt =4} {n+1)
LY FrCEe 0 @ #Hni4¥n Hnrdyr? 0 0
1 2]

050 o o o 0 2zl o

00 ) 0 I 0 ) ni-1
0 H 1] _—

3n +6)§n+2!£n+ll ?—2 / 3(n+6}n—2)
0090 dnip-4) 0 0 Cy Y Fntim ¢ °
nt—in+1), [ 3(at6)(n—2) _n=2
000 o ¢ ¥ & rtan Ko 0 0

2t 1
000 ] ”—n,— 0 0 0 -5 0
\o 00 0 ° 3 0 0 o -1 J
{4.6d)
600 o o0 0 0 Q o\
(o 00 0 00 0 0 a0
000 ] o 0 o ] (]
3(n+2 3§n+2)§nil]gﬂ+62 _ [F it =d)(n+1
0 oo ﬁrm% 00 \/ an(n+4) \/_(E’E%(-Tl 00
000 0 00 ¢ 0 00
€={000 0 00 0 0 00
3t Din+2)(n+6) £n$1)$n+62 _ }3§n+62§m—21§u+1)’
oo An{n+4} 0o ” A rin-4) 00
_ [3¥nt1)r—4) _ 3P (n4-6)(n—D) 3n+1)(n=2)
° e anl(n+4y 00 y Lnln+dy an 00
\0 ¢ 0 ] 00 ) 0 00 J
000 0 00 ) ] 00

7. f= 5, [A] = {1*] with dim = ]0. The uncoupled normal ordered basis vectors are

(12),| 4 | > |6} = g2g38182 1)

12) = g211) 7) = gagsg2 (1)

1) =e




Irreducible representations of Brauer algebras

13} = g182 11} 8} = gag3g122 1)
[4) = g3g2 1) 19) = g28483818211)
15} = g3z 82 |1} 110} = g3gagagsgiga11) .

The norm matrix is

The orthonormal basis vectors are

(13

fn 1 1 -1 =1 0 1 1 0 0\
1 n 1 1 0 -1 =1 0 1 0
1 1 2 0 1 1 0 =1 -1 0
11 0 n 1 -1 1 0 0 1
1 0 1 1 n 1 0 1 0 =1
0 -1 1 -t 1 » 0 0 1 1
1 =1 0 1 0 0 n 1 -1 1
I 0 -1 0 1 0 1 n 1 -l
o 1 -1 0 1 -1 1 n I

\o 0 0 1 -1 1 1 -1 1 n)
[3; 1
mr|_ /1
[1) ‘“\/;'”

0

[3;

[1%] _ R 20 e
[1] ‘Vz(n+2)(n—1)lnm 122 '3)]

[1T2]

[3)

[12]
1y | = -

0 5= (2 =)

2]

4| _ 2 Ll -y &0
L _/m{m 2~y + & (!4)+l5))}

1
3 =‘/W__{3(|2)-13))+(n—1)(216)—i4>+15))}

D(n? —4)

3153
(4.72)

(4.75)



3154 Feng Pan

3]
2]
L T @.70)
1 3(n - 2) '
3] .
112 1
=T |- \/ Ty I NEORD
| 4
L)+ 15) — (= 2AT) + 18))
[31_l
113 1
= |- \/ S B — B = ) +19)
[ 4]
+216) + (1 — 2)(17) — 18) — 2197}
[31_]
114 1
—‘;'—| =\/12(n = 404 ~ 19+ 16)
—(n = D(T) = [8) +19)) — 3z — 2) |10}
3
1 i
% == ](m{i'f} —18) +[9) — [10}.
4 |

The matrices of g4 and ¢4 are

8a4 =
(—1 o 0 0 0 0 0 0 0 0 \
0 -1 0 0 0 0 0 0 0 0
0 0 ~I 0 0 0 0 o 0 ¢
i i —1](a=
0 0o 0 ] 0 0 - 0 0 ]
0 0 o0 o 4 0 o - /1"—;1_2?15,;4‘ 0 0
0 0 0 0 0 L 0 0 ele JES
=1)(n — 1
0 0 0 - fS"—“%%,-ls 0 0 -L 0 0 0
(e 1) (=3, -
6 o0 o0 0 e e o 0 L o 0
— [in=3)(nt3) dn=10 3nt3)
0 0 0 0 0 ".un—!) 0 0 4n-2) {n=2)
Ar=3 3(at
\ ¢ 0 0 0 0 J‘m:fg o 0 ;,f(—_-% N
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(ooooo o 00 o 0 \
00CO0O0C 0 00 o (]
0 00 O 0O 0 o0 0 0
00000 0 00 0
00000 0 o0 0 0
3 3 (a2 An=3
eg=|00000 & 0 o - filind i
00000 0 00 0 i}
06 000¢0 0 00 0 0
=3+ 3{n=3) (2] A+ n-3
00000 —fSetgh oo odon [l
3(n=3 Hnd-2ln-H*
\oooo0 o -~Jfi=2 oo oo

From the above matrix representations of Dy(n) generators, one can check that the
representations are always faithful with n-continuation, except for n € {f — 2, f —
3, ..., 1, 0borfor —ne{f—-1, f=2, ..., 1, 0} when n is negative. At these
integer n values, the representations will become either unfaithful or indefinite, because in
the latter case the denominators of some matrix elements of g; and e, will become zero.
This is consistent with the conclusion made by Wenzl [2], and independently by Hanlon and
Wales [10] that the representations of Dy (n) will no longer be semisimple whenn 2 f—1.
Whenever n 2 f — 1 and —n > f — 1 for negative n, our results apply to any other
permitted n values as well. It can also be verified that the above matrix representations of
Dy (n) are symumetric, and {g;; i=1, 2, ..., f — 1} are orthogonal.

In order to discuss the algebra B;(G) [14]), where G = O(n) or Sp(2m), we need
a special class of Young diagram, the so-called n-permissible Young diagrams defined in
[2]. A Young diagram [A] is said to be r-permissible if P, (n) # 0 for all subdiagrams
[r] € [A], where P, (n) is the dimension of O (n) for the irrep [¢¢], of which the formula is
given by [12], and a Young diagram [u] is a subdiagram of the Young diagram [A], denoted
by [¢t] < [A), if {¢t] can be obtained from [A] by taking away appropriate boxes.

The relation between Dy(n) and Bf(O(n)) or Bf(Sp(2m)) was discussed in [2], in
which the following corollary is of importance:

(i} ¥ » € C is not an integer, all Young diagrams are n-permissible. In this case
Dy (n) =~ By(n) and its decomposition into full matrix rings is the same as those for
Dy (n).

(i) If # is a non-zero integer, a Young diagram {A] is »-permissible if and only if:
(a) Its first 2 columns contain at most # boxes for n positive.
{(b) It contains at most m columns for n = —2m a negative even integer.
(c) Its first 2 rows contain at most 2 — » boxes for n odd and negative.

(iii) If » is a positive integer, Bsf(r) =2 Be(O(n)). If n is negative and odd, By(n) =
Bf (0 (2~ m)). For n = —2m < 0, By(n) is isomorphic to By (Sp(2m)).

It was proved in [2] that the generators {g;, &} of By(2m) are compactible with the
relations for {~g;, —e;] of Dy(x) with x = —2m. Hence, g; = —g;, ¢ > —é define
a representation of Dg(—2m), of which the image is By(Sp(2Zm)). Thus, making the
replacements g; — —gi, ¢; — —&;, and n — —2m in the above representations of Ds(n),
we can obtain the matrix representations of Bf(Sp(Zm)) In this case, an iirep [A] of
Ds(—2m) is the irrep [A] of B (Sp(2m}), where [A] is the Young diagram conjugate to [A].
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5. Concluding remarks

In this paper, the irreducible matrix representations of Brauer algebras D¢ (n) are constructed
by using the induced representation and the linear equation method. Some matrix
representations of Ds(r) for f < 5 are presented. Higher-dimensional representations
of Ds(n) can also be derived by using this method. The results are lengthy, and not
presented here. As with the Schur—Weyl duality relation between §¢ and GL(n), the results
may be useful in studying the representation theory of @ (n) and Sp(2m) in concerning to
the coupling and recoupling problems of these representations, which are now under our
consideration.

This technique can also be extended to the Birman—Wenzl algebra Cr (g, r) case by using
the results of Hecke algebra representations {6-8]. Work in this direction is in progress.
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